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We propose a variational wavefunction containing parameters to tune the probabilities of all the possible
onsite configurations for the periodic Anderson model. We call it the full onsite-correlation wavefunction
(FOWF). This is a simple extension of the Gutzwiller wavefunction (GWF), in which one parameter is
included to tune the double occupancy of the f electrons at the same site. We compare the energy of the
GWF and the FOWF evaluated by the variational Monte Carlo method and that obtained with the density-
matrix renormalization group method. We find that the energy is considerably improved in the FOWF.
On the other hand, the physical quantities do not change significantly between these two wavefunctions
as long as they describe the same phase, such as the paramagnetic phase. From these results, we not only
demonstrate the improvement by the FOWF, but we also gain insights on the applicability and limitation
of the GWF to the periodic Anderson model.
In solid states, the Coulomb interaction between elec-
trons reduces or renormalizes the energy scale for the
electrons. An extreme example of such an electron corre-
lation effect is the heavy-fermion phenomenon. In heavy-
fermion systems, the effective mass of the electrons,
which is proportional to the inverse of the energy scale,
can become a thousand times larger than the bare elec-
tron mass. Then, exotic order such as unconventional
superconductivity has been found, in particular, in the
vicinity of the quantum critical points of heavy-fermion
materials.
As a canonical model for the heavy-fermion phe-
nomenon, the periodic Anderson model has been em-
ployed, which is composed of conduction and f elec-
trons, and the effects of the Coulomb interaction be-
tween f electrons have been studied by various methods.
In particular, theories based on a variational wavefunc-
tion called the Gutzwiller wavefunction (GWF) have suc-
ceeded in describing the heavy-fermion state.1–4 In the
GWF, one parameter, called the Gutzwiller parameter,
is introduced to tune the probability of the double occu-
pancy of f electrons on the same site. The above theories
assumed the paramagnetic (PM) state; however, within
the GWF, it has also been revealed that the PM state is
unstable against magnetic order in the parameter region
where the heavy-fermion state is realized.1, 3, 5–11
To overcome this difficulty, we should improve the vari-
ational wavefunction. For this purpose, it is useful to con-
sult the literature on other multiorbital systems since the
periodic Anderson model is also a multiorbital system
with the conduction band and f orbital. For multiorbital
Hubbard models, parameters that tune the probabilities
of all the possible onsite configurations have been intro-
duced.12, 13 Here, we call this type of wavefunction the
full onsite-correlation wavefunction (FOWF). The vari-
ational Monte Carlo method has been applied to the
FOWF to evaluate the energy and physical quantities
in the multiorbital Hubbard models.14–16
It is natural to use the FOWF for the multiorbital
Hubbard models since all the orbitals are subjected to
the Coulomb interactions. On the other hand, in the pe-
riodic Anderson model, it seems to be sufficient to con-
sider the GWF at first glance since the Coulomb interac-
tion acts only on the electrons in the f orbital. However,
the antiferromagnetic correlation between the conduc-
tion and f electrons is also important in the periodic
Anderson model. Actually, it results in the Kondo phe-
nomena and the Ruderman–Kittel–Kasuya–Yosida inter-
action, which have been central issues in condensed mat-
ter physics. Thus, it would be a natural improvement to
consider all the possible onsite correlations, including the
spin-dependent correlations between the conduction and
f electrons, in addition to the f -f correlation.
In this paper, we consider the FOWF for the periodic
Anderson model and apply the variational Monte Carlo
method.2 As a benchmark of the wavefunction, we study
the model on a one-dimensional chain and compare the
energy with that obtained with the density-matrix renor-
malization group (DMRG) method.17 Then, we discuss
how much the energy is improved from the GWF. We
also compare physical quantities evaluated by the GWF
and by the FOWF. In this paper, we not only emphasize
the improvement by the FOWF, but also note the situ-
ations where the GWF is still useful by comparing the
results between these two wavefunctions.
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The periodic Anderson model is given by
H =
∑
kσ
ǫkc
†
kσckσ +
∑
iσ
ǫfnfiσ
−V
∑
kσ
(f †kσckσ + c
†
kσfkσ) + U
∑
i
nfi↑nfi↓,
(1)
where c†kσ and f
†
kσ are the creation operators of the con-
duction and f electrons, respectively, with momentum k
and spin σ, and nfiσ is the number operator of the f
electron with spin σ at site i. ǫk is the kinetic energy of
the conduction electron, ǫf is the energy level of the f or-
bital, V is the hybridization matrix element between the
conduction and f electrons, and U is the onsite Coulomb
interaction for the f orbital. The Coulomb interaction U
is large since the spatial extent of the f -orbital wave-
function is narrow. In this study, we simply take U →∞
since we will obtain qualitatively the same results even
for a finite U as long as it is sufficiently large, for ex-
ample, comparable to the band width of the conduction
electrons, to describe f -electron compounds. Actually,
within the GWF, we have obtained qualitatively similar
results for a finite U .11 For the kinetic energy of the con-
duction electrons, we consider only the nearest-neighbor
hopping on a one-dimensional chain, and it is given by
ǫk = −2t cosk, where t is the hopping integral and we
set the lattice constant as unity.
We apply the variational Monte Carlo method to the
model.2 We consider two types of wavefunction as men-
tioned in the introductory part.
One is the GWF, which has been used to study this
model, for example, by the variational Monte Carlo
method as in this study.2, 8, 9, 11 For U → ∞, the
Gutzwiller parameter is zero, and the GWF is given by
|ψG〉 = PG|φ〉, (2)
where
PG =
∏
i
[1− nfi↑nfi↓]. (3)
The projection operator PG excludes the double occu-
pancy of the f electrons at the same site. |φ〉 is the one-
electron part of the wavefunction. We define it as the
ground state of a mean-field-type effective Hamiltonian,
which we will give later.
The other variational wavefunction is the FOWF. It is
defined as
|ψFO〉 = PFO|φ〉, (4)
where
PFO =
∏
γi
[1− (1 − gγ)Pγi], (5)
with Pγi = |γi〉〈γi|, which is the projection operator to
state γ at site i. |φ〉 is the one-electron part as in the
GWF. While this type of wavefunction has been used to
study multiorbital Hubbard models,12–16 it has not been
applied to the periodic Anderson model. Since we con-
sider one conduction band and one f orbital, there are
16 onsite states. By considering symmetry and conser-
vation of the number of electrons for each spin, we can
reduce the number of independent variational parameters
that we have to optimize. In addition, for γ denoting a
configuration with doubly occupied f electrons, gγ = 0
since U →∞. The FOWF reduces to the GWF if we set
gγ = 1 for configurations γ without doubly occupied f
electrons.
In this study, we consider the PM and ferromagnetic
(FM) states, i.e., spatially uniform states. Then, the ef-
fective Hamiltonian is given by11
Heff =
∑
kσ
(c†kσ f
†
kσ)
(
ǫk −V˜σ
−V˜σ ǫ˜fσ
)(
ckσ
fkσ
)
, (6)
where V˜σ is the effective hybridization matrix element
and ǫ˜fσ is the effective f -level, which are also variational
parameters. For the PM state, they do not depend on
the spin σ. We diagonalize Heff and construct its ground
state |φ〉 while fixing the electron number nσ per site
of each spin σ. In the PM state, n↑ = n↓. For the FM
state, the magnetization M = n↑ − n↓ is a parameter
characterizing the state.
For each state, we evaluate the energy by the Monte
Carlo method and optimize the variational parameters
that minimize the energy. For the FM state, we also
have to optimize the magnetization. Then, we compare
the energies of these states with the same electron den-
sity n = n↑ + n↓ and determine the ground state. Other
physical quantities can also be calculated by the Monte
Carlo method with the optimized variational parameters.
In this study, we set U → ∞, V = t, and n = 1.25.
The calculations are carried out for a 40-site chain with
a periodic boundary condition.
Figure 1 shows the energy E per site of the GWF
and FOWF for the PM and FM states as functions of
ǫf . The energy is measured from that of the GWF for
the PM state EGWF PM. The statistical errors are much
smaller than the symbol sizes, and we do not draw them.
In addition, we have also evaluated the energy by the
DMRG method17 (stars in Fig. 1), by which we can ac-
curately determine the ground state of a one-dimensional
system as the present model in an unbiased manner. In
the DMRG calculations, we have performed extrapola-
tion to zero truncation error by using data for up to 800
DMRG states.
For both types of variational wavefunction, the energy
for the PM and FM states coincides at higher values of
ǫf , that is, the energy takes a minimum at M = 0 and
the system is in the PM phase. At lower values of ǫf ,
the energy of the FM state becomes lower than that in
the PM state, and the ground state is FM there. By the
DMRG method, we obtained the PM state for ǫf/t = 0
2
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Fig. 1. (Color online) Energy as functions of ǫf measured from
that of the Gutzwiller wavefunction (GWF) for the paramagnetic
(PM) state EGWF PM: the GWF (squares) and the full onsite-
correlation wavefunction (FOWF, circles) for the PM state (open
symbols) and for the ferromagnetic (FM) state (solid symbols).
U/t → ∞, V/t = 1, and n = 1.25. The energy obtained by the
DMRG method for a sufficiently large value of the Coulomb inter-
action, U/t = 1000, is also shown (stars).
and −1 and the FM state for ǫf/t = −2 and −3.
In both the PM and FM phases, by improving the
wavefunction from the GWF to the FOWF, the energy
becomes very close to that of the DMRG method. In
other words, by only including the onsite projection fac-
tors, we can greatly improve the energy. The FM tran-
sition point, where the FM energy departs from the PM
energy, shifts to a lower value of ǫf , since more fluctua-
tions are included in the FOWF in comparison with in
the GWF, and the FM ordered state becomes unstable
to a certain extent.
In principle, the order of the transition can be deter-
mined by the slope of E: it is second-order when the
slope is continuous at the transition point and first-order
when the slope is discontinuous. The order of the transi-
tion seems to be second-order in both the wavefunctions,
while it is difficult to exclude the possibility of a weak
first-order transition from the present numerical calcula-
tions on a finite-size lattice.
In Fig. 2, we show the FM moment as a function of
ǫf . Note that the state with M = 2 − n = 0.75 is a
half-metallic state, in which the Fermi surface for the
up-spin electrons disappears. The magnetization seems
to develop from zero continuously, which is consistent
with the second-order transition suggested from the be-
havior of the energy. However, we mention again that
we should investigate larger lattices carefully to deter-
mine the order of the transition since we have to deal
with states with smaller values of magnetization, which
require higher resolution. This is beyond the scope of
the present study. The overall behavior of the magneti-
zation is similar between the GWF and FOWF, but the
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Fig. 2. (Color online) Magnetization for the GWF (squares) and
FOWF (circles) as functions of ǫf . U/t → ∞, V/t = 1, and n =
1.25.
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Fig. 3. (Color online) Momentum distribution functions in the
PM phase of the GWF (squares) and FOWF (circles). U/t → ∞,
V/t = 1, n = 1.25, and ǫf/t = −1.
FM transition point shifts to a lower value of ǫf in the
FOWF as discussed above.
To investigate the electronic state further, we also cal-
culate the momentum distribution function. The momen-
tum distribution function is defined as
nσ(k) = 〈c
†
kσckσ〉+ 〈f
†
kσfkσ〉, (7)
where 〈· · · 〉 denotes the expectation value. It does not
depend on the spin σ in the PM state: n↑(k) = n↓(k) =
n(k). The momentum distribution functions of the GWF
and FOWF are shown in Fig. 3 for ǫf/t = −1 and
in Fig. 4 for ǫf/t = −2. Both wavefunctions result in
the PM phase for ǫf/t = −1 and in the FM phase for
ǫf/t = −2 (see Figs. 1 and 2). The slight but finite in-
crease in n(k) in Fig. 3 with k above the Fermi momen-
tum is an artifact of the present wavefunctions without
3
J. Phys. Soc. Jpn. LETTERS
 0
 0.2
 0.4
 0.6
 0.8
 1
0 pi/2 pi
n
σ
(k)
k
GWF: up-spin 
GWF: down-spin
FOWF: up-spin 
FOWF: down-spin
Fig. 4. (Color online) Momentum distribution functions in the
FM phase of the GWF (squares) and FOWF (circles). Solid (open)
symbols are for up-spin (down-spin) states. U/t → ∞, V/t = 1,
n = 1.25, and ǫf/t = −2.
intersite correlations.2, 18, 19 n↓(k) in Fig. 4 is also an in-
creasing function above the Fermi momentum for the
same reason, although it is invisible on this scale.
While the energy is significantly improved from the
GWF to the FOWF, the momentum distribution func-
tions are very similar between these wavefunctions. Thus,
we expect that physical quantities can be evaluated ac-
curately even by the GWF as long as both wavefunctions
describe the same phase.
In one-dimensional correlated systems, we expect a
Tomonaga–Luttinger liquid state in general. However,
we see a clear jump in the momentum distribution func-
tion at the Fermi momentum in Figs. 3 and 4, indicat-
ing a Fermi liquid. This is due to the fact that we have
used variational wavefunctions for Fermi liquid states. To
describe a Tomonaga–Luttinger liquid state, we should
carefully consider intersite correlations, which are not in-
cluded here.20–22 In addition, the disappearance of the
jump may be difficult to observe for a finite-size lattice
as in this study, even if we improve the wavefunction
further.
However, the size of the apparent jump may be used
to measure the correlation effect, and conclusions ex-
tracted from this quantity should be applicable to higher-
dimensional systems, where Fermi liquid states are ex-
pected. In other words, we expect that the characteristics
of the variational wavefunctions considered here will not
depend strongly on the dimensionality, although the ap-
plicability will depend strongly. If the correlation effect
becomes strong, the size of the jump should be reduced.
Actually, the jump is reduced slightly in the FOWF in
comparison with in the GWF.
By using the jump ∆nσ(kF) at the Fermi momentum,
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Fig. 5. (Color online) Effective mass as functions of ǫf of the
GWF for up-spin (solid squares) and down-spin (open squares)
electrons and of the FOWF for up-spin (solid circles) and down-
spin (open circles) electrons. U/t→∞, V/t = 1, and n = 1.25.
we can define the effective mass m∗σ as
m∗σ
m
=
1
∆nσ(kF)
, (8)
where m is the bare electron mass. Figure 5 shows the ǫf
dependence of the effective mass. Note that in the half-
metallic state, we cannot define the effective mass for
up-spin electrons since the Fermi surface disappears for
them. While the effective mass is enhanced in the FOWF
as expected, the overall behavior is similar between these
wavefunctions. The main difference is the position of the
FM transition. The PM phase extends to lower values
of ǫf in the FOWF and, as a result, the FOWF can at-
tain a larger effective mass. If we assume a PM state,
we can obtain a large effective mass even in the GWF,
and actually the heavy-fermion state has been discussed
by using the GWF with this assumption.1–4 The present
study provides a justification of this assumption of the
PM state to some extent.
However, the obtained effective mass in the FOWF is
still not very large. We have also evaluated the effective
mass for n = 1.75 since the correlation effects become
stronger near half-filling, n = 2. Actually, the effective
mass at the same ǫf in the PM phase becomes larger,
but the FM transition point shifts to a higher value of
ǫf ≃ 1 and we also do not obtain a very large effective
mass in the PM phase for n = 1.75. Thus, to obtain
a larger effective mass, we should further improve the
wavefunction and/or revise the model if we take the pos-
sibility of magnetic order into consideration.
Concerning other quantities, such as the effective f -
level ǫ˜fσ, the energy gain at the transition, and the con-
tribution of the f electrons to ∆nσ(kF), the behaviors
do not change significantly from those in the GWF, as
the physical quantities explicitly presented in this paper.
4
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See Refs. 10 and 11 for details of these quantities.
To summarize, we have proposed a wavefunction for
the periodic Anderson model containing parameters to
tune all the possible onsite configurations (we named
it the FOWF) to improve the Gutzwiller wavefunction
(GWF). Although the FOWF does not require a large
computational effort since only the onsite variational pa-
rameters are included, the energy is considerably im-
proved and becomes close to the value obtained with the
density-matrix renormalization group method. However,
physical quantities, such as the magnetization and the
effective mass, do not change significantly between the
GWF and FOWF as long as they are in the same phase.
The main differences between these two wavefunctions
appear in the energy and in the position of the FM tran-
sition point.
From these observations, we conclude that we can use
the GWF to discuss the heavy-fermion state by assuming
the PM state, since we can expect that the PM region will
become wider when we improve the wavefunction, but
the physical quantities can be evaluated accurately even
by the GWF. However, to discuss the magnetic transition
point itself and the behavior around it, such as quantum
critical phenomena, it is better to use a wavefunction
beyond the GWF.
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